Introduction
As it is well known the tangent bundle TM of any manifold M carries a canonical integrable almost tangent structure J (see [Go] , [Gr] vanishes. Now, we may associate to r a semispray £ on T^ of the same type r in such a way that r and £ are the same paths. The converse is also proved ; in fact, to each semispray £ of type 1 on T 1^ we associate k connections I* , ..., r^ of order k on M and types 1 k, respectively.
Furthermore, the FrSJlicher -Nijenhuls formalism permit us to obtain the curvature and torsion forms of I\ In fact, the curvature form R of I* is given by R -(1/2) [h, h] , where h r is the horizontal projector associated to T ; the weak and strong torsion forms t and T are given by t = [J ,h] 
Consequently, a connection of order k and type 1 on M is completely determined by its associated semispray and its
In a forthcoming paper [ALR] , we shall apply these results to obtain a canonical connection associated to a regular Lagranglan system of higher order (see [DLR2] for the homogeneous case).
1. Tangent with 0 s i s k.
-610 -
operator which maps a p-form a on T M into a p-form d a on
V+1
T M in such a way that d d = dd (see [DLR2] , [Tul] 
if k-r a s s k for every function f on M.
We remark that the case r = 0 was considered by Crampin, Sarlet and Cantrijn [CSC] .
r If X = Y X* id/dz A ), then we deduce from (1.1) and (
Using the vertical lift and the map T :T k M > T(T k_r M) k,k-r k we construct a canonical vector field C on T M as follows :
So, C is locally expressed by
The vector field C is generalization of the Liouville vector field (or dilation field) on TM (see [CSC] , [DLR1] ,
We may also use the vertical lift construction to define k canonical tensor fields of type (1.1) (or vector 1-forms) it on T M. In fact, for each r, 1 s r s k, we can define a it linear endomorphism (J ) of the tangent space T (T M) of r z z T k M at z e T k M as follows : If we put H = Im h, then Proof. Let <r be a path of I\ Then jV is a horizontal curve in T M. Thus,
On the other hand, we have k,k-r
at (j <r)(t), and, so, <r is a path of
The converse is trivial.
Remark. The reader can obtain directly Propositition 5.2. from (3.1) and (4.4).
6. Torsion and curvature of higher order connections Let T be a connection of order k and type r on M. A straightforward computation shows that R is semibaslc of type r.
We end this section proving the Blanchi identities for T. [Gr] , [V] ).
Associated connections to semisprays of higher order
In this section, we shall prove that, associated to a it semispray Ç on T M of type 1, there exist k connections r , . . . , r* k on M of order k and types 1 k, respectively.
Before proceeding further, we shall need the following auxiliary lemma, obtained directly from Proposition 3.1. Proof. In fact, from (2) of Lemma 7.1, we have
On the other hand, from (1) of Lemma 7.1, we obtain
This ends the proof.
Remark. We notice that, for each Integer r, is rs k, there exists a connection I* of order k and type r on M.
T Is given by r r (7.2) r=A
For k = 1, (7.2) becomes T = -(L^J) (see [Gr] ).
For k = 2, we have
Next, we shall compute the tension, weak and strong torsions and the semispray associated to r^. Finally, the strong torsion of r is
From these facts we deduce k Proposition 7.2. If ^ is a spray on T M, then r is an homogeneous torsionless connection which associated semispray is
Decomposition theorem
In this section, we shall prove that the strong torsion and the associated semlspray characterize a connection of order k and type 1 on M.
We shall need the following result. 
Since T' = T, we get
Therefore, we deduce 
